Nonlinear magnetization dynamics excited by spin-transfer effect with feedback current is studied both numerically and analytically. The numerical simulation of the Landau-Lifshitz-Gilbert equation indicates the positive Lyapunov exponent for a certain range of the feedback rate, which identifies the existence of chaos in a nanostructured ferromagnet. Transient behavior from chaotic to steady oscillation is also observed in other range of the feedback parameter. An analytical theory is also developed, which indicates the appearance of multiple attractors in a phase space due to the feedback current. An instantaneous imbalance between the spin-transfer torque and damping torque causes a transition between the attractors, and results in the complex dynamics.
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PACS numbers:
Nonlinear dynamics can be found in a wide variety of physical, chemical, and biological systems from small to large scale [1, 2] . Recent observations of rich magnetization dynamics, such as switching, auto-oscillation (limit cycle), and synchronization, excited in a nanostructured ferromagnet have also proved the applicability of nonlinear science to a fine structure [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . These dynamics are driven by spin current carried by, for example, conducting electrons in metals [13] [14] [15] . Since the spin current in metals can survive only within nanometer scale [16] , these magnetization dynamics had not been observed until the development of fabrication technology of nanostructure was achieved. A new direction investigating the applicability of such nonlinear magnetization dynamics to new computing scheme, inspired by human brain, has been growing very recently [17] [18] [19] [20] .
An attractive phenomenon in nonlinear science is chaos [21, 22] . Unfortunately, whereas it has been clarified that the magnetization dynamics in a nanostructured ferromagnet is well described by simplified models such as macrospin model or Thiele equation [23] [24] [25] [26] [27] [28] , the Poincaré-Bendixson theorem prohibits chaos because the models include only two dynamical variables [21] . Thus, an additional degree of freedom is necessary to induce chaos in ferromagnets. In previous works, chaos has been studied for systems with alternative current [29, 30] or magnetic and/or electric interaction between two ferromagnets [31, 32] . Another possible source causing highly nonlinear dynamics is feedback force with delay [33] . Recently, the modulation of the threshold current by the self-injection of the feedback current into the vortex ferromagnet was predicted theoretically [34] and was experimentally confirmed [35] . Complex dynamics in an in-plane magnetized ferromagnet with feedback current was also found by numerical simulation [36] . However, the existence of the feedback effect does not necessarily guarantee chaos. Therefore, a careful analysis of the magnetization dynamics in the presence of feedback effect is necessary to identify chaos.
The purpose of this work is to develop a theoretical analysis of the nonlinear magnetization dynamics in a nanostructured ferromagnet in the presence of feedback current. We perform the numerical simulation of the Landau-Lifshitz-Gilbert (LLG) equation in spin torque oscillator (STO), and find that the feedback current causes highly nonlinear dynamics of the magnetization. The present work identifies chaos by the positive Lyapunov exponent, which is found in a certain range of the feedback rate, whereas transient behavior is also observed in other range of the feedback rate. We also develop an analytical theory to reveal the origin of such complex dynamics. The bifurcation analysis indicates that the feedback current results in the appearance of multiple attractors in the phase space. An instantaneous imbalance between the spin-transfer torque and damping torque allows a transition between these attractors, and induces the complex dynamics found in the numerical analysis.
The system under consideration is schematically shown in Fig. 1(a) . The unit vectors pointing in the magnetization directions in free and reference layers are denoted as m and p, respectively. Direct current, I, is injected from the reference to free layer, and excites an auto-oscillation of the magnetization m via spin-transfer effect [13, 14] . Here, we focus on the STO consisting of a perpendicularly magnetized free layer and an in-plane magnetized reference layer because this type of STO can emit large emission power with narrow linewidth [10] , and therefore, is of great interest from viewpoints of both fundamental and applied physics. The magnetization p in the reference layer points to the positive x direction, whereas the z axis is perpendicular to the film-plane. The magnetization dynamics in the free layer is described by the Landau-Lifshitz-Gilbert (LLG) equation given by
where γ and α are the gyromagnetic ratio and the Gilbert damping constant respectively. The magnetic field 
where M and V are the saturation magnetization and the volume of the free layer, respectively. The spin-transfer torque strength is characterized by the spin polarization η and spin-transfer torque asymmetry λ. The values of the parameters used in this work are derived from the experiment [10] , as well as a theoretical analysis [40] ; see Supplemental Material [41] . Figure 1 (b) shows a typical magnetization dynamics in the absence of the feedback current, where the direct current is I = 2.5 mA.
As shown, an auto-oscillation having a period of 0.16 ns is excited after a relaxation time on the order of 10 ns. The inset of Fig. 1(b) shows the dynamics of m x (red) and m z (black) in a steady state. It can be seen from the figure that m z is almost temporally constant but slightly oscillates around a certain value. These results will be used for comparison with the dynamics in the presence of the feedback current, as well as for the development of an analytical theory, below.
The strength of the spin-transfer torque, Eq. (2), includes the feedback current given by χIm(t−τ )·p, where χ is the rate of the feedback current with respect to the direct current I, whereas τ is the delay time. Due to tunnel magnetoresistance effect, the feedback current depends on the relative direction of the magnetizations, m · p [10] . The feedback current brings the past information of the magnetization state, and extends the dimension of the phase space, which presents a possibility to excite chaos in STO. Note that the feedback current can be injected to the STO independently from the direct current by using a bias-Tee and delay line, where the typical value of the delay time possible in experiment is on the order of 1 − 10 ns [35] .
The LLG equation, Eq. (1), with the feedback current is solved by a fourth-order Runge-Kutta scheme accompanied with continuation method (see Supplemental Material [41] in detail). Figures 2(a)-2(c) show the time evolutions of m z (t) for χ = 0.02, χ = 0.50, and χ = 0.89, respectively. Note that the time range of each figure is different to understand the characteristics of each dynamics. In the presence of a small feedback current shown in Fig.  2(a) , although the amplitude of the oscillation is modulated, the dynamics in the steady state is still periodic. On the other hand, when the feedback rate becomes relatively large, chaotic behavior appears, as shown in Fig.  2(b) . In this case, non-periodic and highly nonlinear dynamics appears over a wide time range. The value of m z oscillates almost over its possible value, |m z | ≤ 1. A further increase of the feedback rate leads to a transition of the magnetization dynamics from chaotic to non-chaotic, as shown in Fig. 2(c) . The chaotic dynamics suddenly disappears after comparatively long period, i.e., longer than the oscillation period of the limit cycle in the absence of the feedback current. As mentioned below, the Lyapunov exponents of the dynamics in Figs. 2(a) and 2(c) are zero, whereas it is positive for the dynamics in Fig. 2(b) .
In the present work, chaos is defined as the dynamics with the positive Lyapunov exponent. The details of the evaluation method of the Lyapunov exponent developed in this work are summarized Supplemental Material [41] . We also evaluate the bifurcation diagram, which is defined as the local maximum of m z (t) after the magnetization moves to an attractor (the bifurcation diagram of other component, m x , is shown in Supplemental Material [41]). Figures 3(a) and 3(b) shows the Lyapunov exponent and the bifurcation diagram as a function of the feedback rate in a small range χ ≤ 0.10. The Lyapunov exponent remains zero for χ 0.024, where the dynamics is a limit cycle, such as shown in Fig. 1(b) , or the oscillation with an amplitude modulation as shown in Fig. 2(a) . In the limit cycle state, the local maximum of m z is a single value, whereas it takes several values and shows symmetric distributions around its center in the modulated dynamics, as can be seen in Fig. 3(b) . increased to χ ≃ 0.087. The magnetization dynamics shown in Fig. 2(c) , corresponding to this parameter region, can be regarded as transient chaos, which can be found in, for example, a spatially extended turbulence model [42] . where the dynamical system finally arrives at an attractor with zero or negative Lyapunov exponent long time after showing chaotic behavior [21] . For example, the transient time observed in Fig. 2(c) is on the order of 0.1 ms, which is sufficiently longer than the period of the auto-oscillation in the absence of the feedback current (0.16 ns) but is measurable because it is shorter than the experimentally available time range for STO dynamics reported up to date, 1.6 ms [43] . We should also note that the magnetization dynamics, its bifurcation diagram, and Lyapunov exponent as a function of the delay time are summarized in Supplemental Material [41] . The above numerical results indicate the existence of rich variety of nonlinear dynamics, including chaos, in an STO. Although it is difficult to solve the LLG equation exactly due to its nonlinearity, let us investigate the physical origin of the complex dynamics with help of an approximated theory, which has been known to be useful to analyze nonlinear dynamics such as auto-oscillation (limit cycle) [28, 40] and synchronization [44, 45] . An auto-oscillation in an STO is excited when the spintransfer torque balances with the damping torque, and the field torque, −γm × H, remains finite. The field torque leads to a sustainable oscillation of the magnetization on a constant energy curve of the magnetic energy density defined as E = −M dm · H. In the present system, the constant energy curve corresponds to the trajectory with a constant zenith angle θ = cos −1 m z , where the oscillation frequency, f (θ), on the constant energy curve is f (θ) = γ[H appl + (H K − 4πM ) cos θ]/(2π). It should be, however, emphasized that there is often an instantaneous imbalance between the spin-transfer torque and damping torque because of their different angular dependences. Therefore, strictly speaking, θ (or m z ) in the present system is not a constant variable [40] ; see also the inset of Fig. 1(b) . However, for a sufficiently small damping constant α, the real trajectory of the auto-oscillation is practically close to a constant energy curve. In such a case, it is useful to derive the equation of motion of θ averaged over the precession period
where H s0 = ηI/(2eM V ), whereas p(χ, τ, θ) is given by
The angle θ satisfying dθ/dt = 0 and d(dθ/dt)/dθ < (>)0 corresponds to a stable (unstable) fixed point in the reduced phase space [1] . In the absence of feedback current, there is only one stable fixed point (attractor), corresponding to auto-oscillation state in real space, in the present STO [40] . On the other hand, Fig. 4(a) shows an example of dθ/dt in the presence of the feedback. As shown, several attractors satisfying dθ/dt = 0 and d(dθ/dt)/dθ < 0 appear due to the feedback current. It can be understood from these figures that the number of the attractor increases with increasing the feedback rate and/or delay time. Let us here call such structure as multiple attractors. Although these results are obtained with an approximation mentioned above, they are useful to understand the origin of the complex magnetization dynamics found by numerical simulation, as discussed below.
The multiple attractors originate from the function p(χ, τ, θ) given by Eq. (4). In the absence of the feedback current (χ = 0), the function p(χ, τ, θ) = 1 is independent of the angle θ. On the other hand, in the presence of the feedback current (χ = 0), several values of the angle θ give an identical value of p(χ, τ, θ) because the function includes a periodic (cosine) function depending on θ. As a result, several θ can simultaneously satisfy the conditions of the stable fixed point.
The origin of the complex dynamics found in the numerical simulation is considered to be the existence of multiple attractors. Since the attractors locate discretely, as shown in Fig. 4 , one might consider that once the magnetization is trapped by one of the attractors, it cannot move to the others. It should be, however, reminded that the assumption of a constant angle θ was used in the derivation of Eq. (3). As emphasized above, the real angle θ = cos −1 m z in a limit cycle slightly oscillates around the fixed point estimated analytically by Eq. (3) because of the instantaneous imbalance between the spin-transfer torque and damping torque. As a result, the magnetization can move from one attractor to the other when the distance between the attractors is smaller than the oscillation amplitude of the angle θ. The transition between the attractors causes the highly complex dynamics shown in Fig. 2 , contrary to the system without feedback in which an auto-oscillation state is uniquely determined.
It is considered that the above analytical theory can be applied to any type of STO, although Eq. (3) was derived for its specific type. For example, the complex dynamics found in an in-plane magnetized STO [36] maybe caused by the same mechanism, i.e., the appearance of multiple attractors due to the existence of feedback current. The periodicity of the multiple attractors in this type of STO is described by elliptic functions in contrast with Eq. (4) where the periodicity is described by a simple trigonometric function; see Supplemental Material in detail [41] .
In conclusion, the nonlinear magnetization dynamics in a spin torque oscillator was studied by taking into account the effect of spin-transfer torque excited by the feedback current. The numerical simulation reveals rich variety of the nonlinear magnetization dynamics, which can be controlled by the feedback parameter. The positive Lyapunov exponent for a certain range of the feedback rate indicated the existence of chaos in the spin torque oscillator, whereas transient behavior from chaotic to steady state was also observed in other range of the feedback parameter. The analytical theory based on the averaged equation of motion revealed that the feedback current results in the multiple attractors in the phase space. The number of the attractors increased with increasing the feedback rate and/or delay time. An instantaneous imbalance between the spin-transfer torque and damping torque caused a transition between the attractors, and induces the complex magnetization dynamics.
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